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Abstract. In this paper, we establish the existence and stability properties of
odd periodic waves related to the Klein-Gordon type equations, which include the
well known φ4 and φ6 models. Existence of periodic waves is determined by us-
ing a general planar theory of ODE. The spectral analysis for the corresponding
linearized operator is established using the monotonicity of the period map com-
bined with an improvement of the standard Floquet theory. Orbital stability in
the odd sector of the energy space is proved using exclusively the monotonicity
of the period map. The orbital instability of explicit solutions for the φ4 and φ6
models is presented using the abstract approach in [5].
1. Introduction
The main purpose of this paper is to present orbital stability properties associated
to the generalized Klein-Gordon equation
φtt ´ φxx ´ φ` φ2k`1 “ 0, (1.1)
where k ě 1 is an integer and φ : R ˆ r0,`8q Ñ R is a periodic function at the
spatial variable, that is, it satisfies φpx` L, tq “ φpx, tq, where px, tq P Rˆ r0,`8q
and L ą 0 indicates the minimal period of φ. When k “ 1, we have the well
known φ4 equation which plays an important role in nuclear and particle physics.
For the case k “ 2, we obtain the φ6 equation found in the energy transport along
the hydrogen-bonded chains. Both models have been studied by several researches
along the last years.
Equation p1.1q has an abstract Hamiltonian form,
Φt “ JE 1pΦq, (1.2)
where J is given by
J “
¨˝
0 1
´1 0
‚˛, (1.3)
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2 PERIODIC WAVES FOR THE KLEIN-GORDON EQUATIONS
and Φ “ pφ, ψq “ pφ, φtq. E 1 in p1.2q indicates the Fre´chet derivative of the conserved
quantity E defined by
Epφ, ψq “ 1
2
ż L
0
ˆ
φ2x ` ψ2 ´ φ2 ` φ
2k`2
k ` 1
˙
dx. (1.4)
Moreover, p1.1q has another conserved quantity given by,
F pφ, ψq “
ż L
0
φxψdx. (1.5)
Equation p1.1q admits kink and periodic traveling wave solutions of the form
φpx, tq “ hpx´ ctq, where c P p´1, 1q is the wave speed. Indeed, substituting it into
the equation p1.1q, we obtain for ω “ 1´ c2 ą 0, the following ODE given by
´ ωh2 ´ h` h2k`1 “ 0. (1.6)
Defining Gpφ, ψq “ Epφ, ψq ´ cF pφ, ψq, one has by p1.6q that G1ph, cg1q “ 0. In
other words, ph, ch1q is a critical point of the Lyapunov functional G.
For the case k “ 1, we have the well known kink solution with hyperbolic tangent
profile given by
hpxq “ tanh
ˆ
x?
2ω
˙
. (1.7)
Henry, Perez and Werszinski [7] determined the orbital stability of p1.7q with
respect to small perturbations in the energy space X :“ H1perpr0, Lsq ˆ L2perpr0, Lsq.
Kowalczyk, Martel and Mun˜oz in [9] proved the asymptotic stability of the kink for
odd perturbations in the energy space. The authors based their proof on Virial-
type estimates and it has been inspired in some results concerning the asymptotic
stability of solitons for the generalized Korteweg-de Vries equations (see [11] and
[12]).
In periodic context, we can find an explicit solution depending on the Jacobi
elliptic function of snoidal type as
hpxq “
?
2κ?
κ2 ` 1sn
ˆ
4Kpκqx
L
, κ
˙
, (1.8)
where κ P p0, 1q is called modulus of the elliptic function and Kpκq is the complete
elliptic integral of first kind. A nice result regarding periodic waves has been deter-
mined by Palacios [16], where the author used the abstract theory in [5] adapted to
the periodic context. However, the author performed the stability result by consid-
ering the Ginzburg-Landau energy given by
rEpφ, ψq “ 1
2
ż L
0
˜
φ2x ` ψ2 `
ˆ
1´ φ
2
2
˙2¸
dx. (1.9)
As far as we can see, the stability analysis in the periodic context is the same if one
considers our energy functional given by p1.4q for the case k “ 1.
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Concerning the case k “ 2, kink solutions with hyperbolic tangent profile is given
by
hpxq “
c
2
3
tanh
´
x?
ω
¯
c
1´ 1
3
tanh2
´
x?
ω
¯ . (1.10)
Unfortunately, we do not know references concerning the orbital/asymptotic stabil-
ity for this model, but we believe that arguments in [7] can be repeated in order to
get the orbital stability in the energy space X.
Periodic waves with snoidal profile associated to the model p1.6q are given by
hpxq “
asn
´
4Kpκqx
L
, κ
¯
c
1´ bsn2
´
4Kpκqx
L
, κ
¯ , (1.11)
where a and b are complicated functions depending only on the modulus κ P p0, 1q
(see the definition of a and b in p4.23q and p4.24q, respectively). The value of ω
depends on κ and L and it is expressed by
ω “ L
2
16Kpκq2?κ4 ´ κ2 ` 1 . (1.12)
According with [5] and since J in p1.3q is invertible with bounded inverse, the first
requirement to get the orbital stability/instability of periodic waves for p1.1q, is to
construct a smooth curve ω P I Ă p0,`8q ÞÑ hω P H2perpr0, Lsq with fixed period
solving p1.6q. The second claim is to prove that
G2ph, ch1q ” LKG “
¨˝ ´B2x ´ 1` p2k ` 1qh2k cBx
´cBx 1
‚˛ (1.13)
has only one negative eigenvalue which is simple and zero is a simple eigenvalue
associated to the eigenfunction ph1, ch2q. To do so, it makes necessary to combine
the min-max characterization of eigenvalues with the study of the first non-positive
eigenvalues associated to the single linear operator given by
L “ ´ωB2x ´ 1` p2k ` 1qh2k. (1.14)
Defining dpcq “ Eph, ch1q ´ cF ph, ch1q “ Gph, ch1q, since ω “ 1 ´ c2 and ω ÞÑ h
is a smooth curve of periodic waves with fixed period, we have from G1ph, ch1q “ 0
that d1pcq “ ´cF ph, chq. In this setting, if d2pcq ă 0, we have the orbital instability,
and if d2pcq ą 0, the orbital stability. Here, d2pcq is given by
d2pcq “ ´
ż L
0
ph1pxqq2dx` 2p1´ ωq d
dω
ż L
0
ph1pxqq2dx. (1.15)
In [16], the author uses all requirements above to establish the orbital instability
of the periodic wave p1.8q in the energy space X. The crucial point to get the second
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requirement was the exact determination of the instability intervals associated to
the Lame´ equation #
d2
dx2
Ψ` rρ´ 6κ2sn2px;κqsΨ “ 0
Ψp0q “ Ψp4Kpκqq, Ψ1p0q “ Ψ1p4Kpκqq.
(1.16)
According with our best knowledge, for k ‰ 1, the linearized operator associated to
the solution in p1.11q can not be reduced in a Lame´ equation p1.16q and then, the
arguments in [16] can not be used to prove the orbital stability/instability related
to the φ6 model.
To overcome this difficulty, we use a general planar analysis of ODE to deduce
the existence of periodic solutions for the general equation p1.1q. In addition, let us
define the period map L “ LpBq in terms of B P p0, Bωq as
L : p0, Bωq ÞÑ
ż
ΓB
dh
ξ
, (1.17)
where B is the energy level of Eph, ξq “ ξ2
2
` h2
2ω
´ h2k`2p2k`2qω “ B, ξ “ h1, Bω “ k2ωpk`1q ,
and ΓB stands the orbit in the phase portrait corresponding to the periodic solution h
of p1.6q. Our analysis establishes that LB ă 0 and this fact can be used to determine
the required spectral properties associated to the linear operator L in 1.14 for all
k ě 1 integer. This last fact can be determined employing an improvement of the
Floquet theory as in [13], [14] and [15].
We present our main results. Without using explicit solutions, we establish for
the case c “ 0, the orbital stability of periodic waves for the general equation p1.1q
in the odd sector Xodd “ H1oddpr0, Lsq ˆ L2oddpr0, Lsq. For the case k “ 1, our paper
improves the arguments in [16] since it has been used the explicit solution in p1.8q
and the Lame´ equation in p1.16q to obtain the orbital stability in the odd sector.
We use the monotonicity of the period map L in p1.17q to obtain the following basic
property
xLKGpu, vq, pu, vqyX ě γ||pu, vq||2X , (1.18)
where γ ą 0. Inequality in p1.18q is the cornerstone to establish that ph, 0q is
minimum point of the energy E in p1.4q for fixed values of the constraint F in p1.5q.
Thus, the abstract theory in [5] can be applied to obtain the orbital stability in
Xodd.
Concerning the φ4 and φ6 models with explicit solutions given by p1.8q and p1.11q,
respectively. We see that our planar analysis of ODE gives us that LB ă 0 for
any k ě 1. Thus, according with [14], [15] and the min-max characterization of
eigenvalues, we obtain that LKG has only one negative eigenvalue which is simple and
zero is a simple eigenvalue whose associated eigenfunction is ph1, ch2q. The orbital
instability is then proved by establishing that d2pcq ă 0. For the φ4, we calculate
d2pcq using the expression in p1.15q and the explicit solution in p1.8q. Regarding the
φ6 model, we use the explicit solution in p1.11q combined with simplified formula
for d2pcq to avoid heavy expressions containing the complete elliptic integral of third
kind (see [2]).
Our paper is organized as follows. Section 2 is devoted to present the existence
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of periodic waves for the general equation p1.1q. Spectral analysis for the linearized
operator LKG is established in Section 3. The orbital stability in the odd sector
Xodd for the general solution of p1.6q as well as the orbital instability in X for the
φ4 and φ6 models are presented in Section 4.
2. Existence of odd periodic waves and the monotonicity of the
period-map.
Our purpose in this section is to present some facts concerning the existence of
periodic solutions for the nonlinear ODE written as
´ ωh2 ´ h` h2k`1 “ 0, (2.1)
where ω ą 0 and k ě 1 is an integer.
It is well known that equation (2.1) is conservative, and thus its solutions are
contained on the level curves of the energy
Eph, ξq :“ ξ
2
2
` h
2
2ω
´ h
2k`2
p2k ` 2qω , (2.2)
where ξ “ h1.
According to the classical ODE theory (see [3], [6] and [13] for further details), h
is a periodic solution of the equation p2.1q if, and only if, ph, h1q is a periodic orbit
of the planar differential system$’’&’’%
h1 “ ξ,
ξ “ ´h
ω
` h
2k`1
ωp2k ` 1q .
(2.3)
The periodic orbits associated to the equation p2.3q lies inside of convenient en-
ergy levels of the energy E . This means that the pair ph, h1q satisfies the equation
Eph, h1q “ B for all B P p0, Bωq, where Bω “ k2ωpk`1q . Moreover, the periodic orbits
turn round at the center critical point of the system p2.3q. In our case, we see that
p2.3q has three critical points, being one center point at ph, h1q “ p0, 0q, and two sad-
dle points at ph, h1q “ p˘1, 0q. According to the standard ODE theory, the periodic
orbits emanate from the center point to the separatrix curve which is represented by
a smooth solution rh : R Ñ R of p2.1q satisfying limxÑ˘8 rhpxq “ ˘1 and rh1pxq ą 0
for all x P R.
From the analysis above, the periodic orbits of the planar system p2.3q correspond
to odd periodic solutions h of p2.1q. The period L “ Lpω,Bq of the solution h can
be expressed (formally) by
L “ 2
ż b2
b1
dhb
h2k`2
ωpk`1q ´ h2ω ` 2B
, (2.4)
where b1 “ minxPr0,Ls hpxq and b2 “ maxxPr0,Ls hpxq.
On the other hand, the energy levels of the first integral E in p2.2q parametrize
the set of periodic orbits tΓBuBPp0,Bωq which emanate from the center point to the
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separatrix curve. Thus, we can conclude that the set of smooth periodic solutions of
p2.1q can be expressed by a smooth family h “ hω,B which is parametrized by ω ą 0
and B P p0, Bωq. Thus, we obtain that the orbit ΓB is equal to the corresponding
periodic solution h. In addition, since the period of the orbit is given by the smooth
map rL “ ż
ΓB
dh
ξ
, (2.5)
we see from p2.4q and p2.5q that L “ rL.
Moreover, if B Ñ 0 we have LÑ `8, and if B Ñ Bω, one has LÑ αpωq, where
αpωq ą 0 is the corresponding period of the equilibrium center point. Next result
gives us the monotonicity of the period-map L defined in p2.5q.
Lemma 2.1. For every ω ą 0 and k ě 1 integer, the funtion
L : p0, Bωq Ñ R`, B ÞÑ
ż
ΓB
dh
ψ
satisfies LB ă 0.
Proof. Consider fphq “ ´h ` h2k`1 and F satisfying F 1 “ f . According to the [1,
Section 4], it suffices to prove that
Iphq “ F
1phq2 ´ 2F phqF 2phq
F 1phq3
is a strictly decreasing function over the interval p´1, 1q. Doing the computations,
we obtain that
Iphq “ kh2k´1 1` 2k ´ h
2k
p1` kqph2k ´ 1q3 ,
that is, I is smooth in the interval p´1, 1q. In addition, an exhaustive calculation
gives us
I 1phq “ kh
2k´2
pk ` 1qph2k ´ 1q4
“p´2k ´ 8k2 ´ 2qh2k ` p2k ` 1qh4k ` 1´ 4k2‰
ď kh
2k´2
pk ` 1qph2k ´ 1q4 p´4k
2 ´ 2qh2k ă 0.

3. Spectral Properties.
3.1. Floquet Theory Framework. We need to recall some basic facts concerning
Floquet’s theory (see [4] and [10]). Let Q be a smooth L-periodic function. Consider
P the Hill operator defined in L2perpr0, Lsq, with domain DpPq “ H2perpr0, Lsq, given
by
P “ ´B2x `Qpxq.
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The spectrum of P is formed by an unbounded sequence of real eigenvalues
λ0 ă λ1 ď λ2 ď λ3 ď λ4 ď ¨ ¨ ¨ ď λ2n´1 ď λ2n ¨ ¨ ¨ ,
where equality means that λ2n´1 “ λ2n is a double eigenvalue. Moreover, according
with the Oscillation Theorem, the spectrum is characterized by the number of zeros
of the eigenfunctions as: if p is an eigenfunction associated to either λ2n´1 or λ2n,
then p has exactly 2n zeros in the half-open interval r0, Lq. In particular, the even
eigenfunction associated to the first eigenvalue λ0 has no zeros in r0, Ls.
Let ppxq be a nontrivial L-periodic solution of the equation
Pf ” ´f2 `Qpxqf “ 0. (3.1)
Consider ypxq the another solution of (3.1) linearly independent of ppxq. There
exists a constant θ (depending on y and p) such that (see [10, page 5])
ypx` Lq “ ypxq ` θppxq. (3.2)
Consequently, θ “ 0 is a necessary and sufficient condition to all solutions of (3.1)
be L-periodic. This criterion is very useful to establish if the kernel of P is one-
dimensional.
Next, for a fixed ω ą 0 and k ě 1 integer, let h “ hω,B be any periodic solution of
(2.1). Consider Lω,B the linearized operator arising from the linearization of (2.1)
at h “ hω,B, that is,
Lω,Bpyq :“ ´ωy2 ´ y ` p2k ` 1qh2ky. (3.3)
We see that P and Lω,B can be related as P “ 1ωLω,B and Qpxq “ ´ 1ω ` 1ωh2k.
By taking the derivative with respect to x is (2.1), we see that h1 belongs to the
kernel of the operator Lω,B. In addition, from our construction, h1 has exactly two
zeros in the half-open interval r0, Lq, which implies that zero is the second or the
third eigenvalue of Lω,B. The next result gives that it is possible to decide the exact
position of the zero eigenvalue by knowing the precise sign of θ in p3.2q.
Lemma 3.1. Assume that θ in p3.2q satisfies θ ă 0. The operator Lω,B, defined in
L2perpr0, Lsq, with domain H2perpr0, Lsq, has exactly one negative eigenvalue, a simple
eigenvalue at zero and the rest of the spectrum is positive and bounded away from
zero.
Proof. See Theorem 3.1 in [14]. 
Next, let y¯ be the unique solution of the initial-value problem$&%
´ωy¯2 ´ y¯ ` p2k ` 1qh2ky¯ “ 0,
y¯p0q “ 0,
y¯1p0q “ ´ 1
h1p0q ,
(3.4)
Since h1 is an L-periodic solution of the equation in (3.4) and the Wronskian of y¯
and h1 is 1, there is a constant θ “ θy¯ such that
y¯px` Lq “ y¯pxq ` θh1pxq. (3.5)
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By taking the derivative in this last expression and evaluating at x “ 0, we obtain
θ “ y¯pLq
h1p0q . (3.6)
Now we can give the equality between LB and θ.
Lemma 3.2. We have, LB “ θ, where θ is the constant in (3.6).
Proof. Consider y¯ and h1 as above. Since h is odd and periodic one has hp0q “
hpLq “ 0. Thus, the smoothness of h in terms of the parameter B enables us to
take the derivative of hpLq “ 0 with respect to B to obtain
h1pLqLB ` BhpLqBB “ 0. (3.7)
Next, we turn back to equation p2.1q and multiply it by h1 to deduce, after inte-
gration, the quadrature form
ωh12pxq
2
` hpxq
2
2
´ hpxq
2k`2
2k ` 2 “ ωB, for all x P r0, Ls. (3.8)
Deriving equation p3.8q with respect to B and taking x “ 0 in the final result,
we obtain from p2.1q that Bh1p0qBB “ 1h1p0q . In addition, since h is odd one has that
Bh
BB is also odd and thus
Bhp0q
BB “ 0. The existence and uniqueness theorem for
ordinary differential equations applied to the problem p3.4q enables us to deduce that
y¯ “ ´ BhBB . Therefore, we can combine p3.6q with p3.7q to obtain that LB “ θ. 
Next, under our assumptions, θ does not change sign when ω and B vary. Given
any periodic solution h “ hω,B, we denote by θω,B “ θy¯ω,B its corresponding constant
as in (3.5).
Definition 3.3. Let Q be an smooth L-periodic function. Let P be the Hill operator
defined in L2perpr0, Lsq with domain DpPq “ H2perpr0, Lsq given by
P “ ´B2x `Qpxq.
The inertial index of L, denoted by inpPq is the pair pn, zq, where n denotes the
dimension of the negative subspace of L and z denotes the dimension of kerpPq.
Definition 3.4. Assume that Qpxq “ Qωpxq is periodic and depends on the parame-
ter ω ą 0. The family of linear operators Pω :“ ´B2x`Qωpxq, is said to be isoinertial
if inpPωq is constant for any ω ą 0.
Proposition 3.5. Let hω,B be the family of solution determined in previous section.
Then the family of linear operators Lω,B “ ´ωB2x ´ 1 ` p2k ` 1qh2k, is isoinertial.
In particular, if θω0,B0 ă 0 for some pω0, B0q with B0 P p0, Bω0q, then θω,B ă 0 for
any pω,Bq P p0,`8q ˆ p0, Bωq.
Proof. See Theorem 3.1 in [13]. 
Remark 3.6. Theorem 3.5 establishes that in order to calculate the inertial index
of Lω,B it suffices to calculate it for any fixed pair pω0, B0q.
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Remark 3.7. For a fixed ω ą 0, we have by Lemma 2.1 that θω,B “ LB ă 0 for
all B P p0, Bωq. Therefore, inpLω,Bq “ p1, 1q which means that zero is a simple
eigenvalue corresponding to the eigenfunction h1ω,B and npLω,Bq “ 1, where npAq
stands the number of negative eigenvalues of a certain linear operator A. From
Floquet theory, we see that the eigenfunction associated to the negative eigenvalue is
simple, even and it can be assumed positive over r0, Ls.
3.2. Spectral Analysis. Let h “ hω,B be the periodic solution of p2.1q where
ω “ 1 ´ c2 ą 0. In this subsection, we are going to analyze the quantity and
multiplicity of the non-positive eigenvalues related to the matrix operator given by
LKG “
¨˝ ´B2x ´ 1` p2k ` 1qh2k cBx
´cBx 1
‚˛. (3.9)
Operator LKG in p3.9q, is obtained by considering the conserved quantities E and
F defined in p1.4q and p1.5q respectively. By defining G “ E ´ cF , one has
G1ph, ch1q “ E 1ph, ch1q ´ cF 1ph, ch1q “ 0,
that is, ph, ch1q is a critical point of G. In addition, we have LKG “ G2ph, ch1q and
ph1, ch2q P kerpLKGq.
Let us consider the quadratic form associated with matrix operator p3.9q,
QKGpu, vq “ xLKGpu, vq, pu, vqyX
“
ż L
0
ωu12 ´ u2 ` p2k ` 1qh2ku2dx` ||cu1 ´ v||2L2per
“ Qpuq ` ||cu1 ´ v||2L2per ,
(3.10)
where for ω “ 1´ c2 ą 0, we have that
Qpuq :“
ż L
0
ωu12 ´ u2 ` p2k ` 1qh2ku2dx, (3.11)
represents the quadratic form of the operator L in p3.3q.
We have the following results concerning the linearized operator LKG defined in
p3.9q.
Proposition 3.8. Let ω ą 0 be fixed and consider k ě 1 an integer. Let h “ hω,B
be the periodic wave solution determined in Section 2. The operator LKG defined
in L2perpr0, Lsq ˆL2perpr0, Lsq, with domain H2perpr0, Lsq ˆH1perpr0, Lsq has zero as the
second eigenvalue which is simple. Moreover, the remainder of the spectrum is a
discrete set which is bounded away from zero.
Proof. In fact, Remark p3.7q enables us to say that the operator L in p3.3q has
exactly one negative eigenvalue which is simple and zero is a simple eigenvalue with
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eigenfunction h1. Let d be the unique negative eigenvalue of L with eigenfunction
υ. Since Qpυq “ d||υ||2L2per ă 0, we see from p3.10q that
QKGpυ, cυ1q “ Qpυq ` ||cυ1 ´ cυ1||2L2per “ Qpυq ă 0.
Moreover, the smallest eigenvalue σ1 associated to LKG, is negative. We establish
that the next eigenvalue of LKG is σ2 :“ 0 (which is simple) and also, the third
eigenvalue σ3, is strictly positive. To show these facts, we need to use the min-max
characterization of eigenvalues. Indeed, in the energy space X, we have
σ2 “ maxpf1,f2qPX minpu,vqPXzt0upu,f1qH1per`pv,f2qL2per“0
QKGpu, vq
||u||2H1per ` ||v||2L2per
. (3.12)
Then, by considering f1 “ υ and f2 “ 0 we get,
σ2 ě minpu,vqPXzt0u
pu,υq
H1per
“0
QKGpu, vq
||u||2H1per ` ||v||2L2per
ě 0 (3.13)
and therefore, σ2 “ 0. The proof that σ3 ą 0 is obtained from the same arguments
used above when we take the two-dimensional subspace spanned by pυ, 0q and ph1, 0q
since in this case Qpuq ě σ3||u||2L2per , for uKυ, uKh1, where σ3 is the third eigenvalue
related to L which is obviously positive. Therefore, we conclude that LKG has one
negative eigenvalue which is simple and zero is a simple eigenvalue with eigenfunction
ph1, ch2q as desired.

Corollary 3.9. In the same framework of Proposition 3.8, the linearized operator
LKG at c “ 0 defined in L2per,oddpr0, LsqˆL2per,oddpr0, Lsq, with domain H2per,oddpr0, Lsqˆ
H1per,oddpr0, Lsq has no negative eigenvalues and kerpLKGq “ tp0, 0qu. Moreover, the
remainder of the spectrum is a discrete set which is bounded away from zero.
Proof. Indeed, the linearized operator Lω,B at c “ 0 in p3.3q does not have negative
eigevalues restricted to the odd sector. In addition, since h is odd and h1 is even,
one has that kerpLω,Bq “ t0u. Therefore, we obtain the existence of σ ą 0 such
that Qpuq ě σ||u||2L2per for all u P H1per,oddpr0, Lsq. The result then follows by a direct
application min-max characterization of eigenvalues and the definition of QKG given
by p3.10q. 
4. Orbital Stability and Instability of Odd Periodic Waves.
Since the equation p1.1q is invariant under translations, we define the orbit gen-
erated by ph, ch1q as
Ωph,ch1q “ tphp¨ ` rq, ch1p¨ ` rq; r P Ru. (4.1)
In X, we introduce the pseudo metric d by
dppu1, v1q, pu2, v2qq “ inft||pu1, v1q ´ pu2p¨ ` rq, v2p¨ ` rqq||X , r P Ru.
It is to be observed that, by definition, the distance between pu1, v1q and pu2, v2q is
measured by the distance between pu1, v1q and the orbit generated by pu2, v2q.
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Definition 4.1. Let ph, ch1q be a traveling wave solution for (1.1). We say that
ph, ch1q is orbitally stable in X provided that, given ε ą 0, there exists δ ą 0 with
the following property: if pφ0, φ1q P X satisfies }pφ0, φ1q ´ ph, ch1q}X ă δ and pφ, ψq
is solution of (1.1) in some local interval r0, T0q with initial condition pφ0, φ1q, then
the solution can be continued to a solution in 0 ď t ă `8 and satisfies
dppφptq, ψptqq,Ωph,ch1qq ă ε, for all t ě 0.
Otherwise, we say that ph, ch1q is orbitally unstable in X.
Definition above establishes that the pair evolution pφ, ψq which solves equation
p1.1q must exist in the energy spaces X and Xodd for all values of time t in a local
interval of time r0, T0q, where T0 ą 0 is the maximal time where the solution exist.
This can be done using the standard Kato theory for quasilinear equations in [8].
4.1. Orbital Stability in the Odd Sector. In this subsection, we are going to
prove that the periodic wave ph, ch1q determined in Section 2 is orbitally stable in
the energy space Xodd for c “ 0. The main tool is to use the approach contained in
[5]. In fact, according with the Corollary 3.9 we see that
Qpuq “ pLu, uqL2per ě σ||u||2L2per . (4.2)
Let a, b ą 0 be arbitrary, since h is a bounded odd periodic wave, we have
a||ux||2L2per ` b||u||2L2per ď a||ux||2L2per `
b
σ
pLu, uqL2per
ď
ˆ
a` b
σ
ω
˙
pLu, uq `
ˆ
a` b
σ
ω `Mk
˙
||u||2L2per ,
(4.3)
where Mk “ p2k ` 1qmaxxPr0,Ls |hpxq|2k. Thus,
a||ux||2L2per `
ˆ
b´ a´ b
σ
ω ´Mk
˙
||u||2L2per ď
ˆ
a` b
σ
ω
˙
pLu, uq. (4.4)
Choosing a, b ą 0 such that b´ a´ b
σ
ω ´Mk ą 0, we see that
Qpuq “ pLu, uqL2per ě γ||u||2H1per , (4.5)
for some γ “ γpσ, k, a, b, ωq ą 0. Now, consider c “ 0. From the definition of QKG
in p3.10q, we have
Qpu, vq “ xLKGpu, vq, pu, vqyX ě γ||u||2H1per ` ||v||2L2per ě rγ||pu, vq||2X , (4.6)
where rγ “ mintγ, 1u ą 0. Inequality p4.6q is the cornerstone to prove our orbital
stability result in the restricted subspace Xodd as follows:
Theorem 4.2. The periodic wave ph, 0q is orbitally stable in Xodd in the sense of
Definition 4.1.
Proof. The proof follows by p4.6q combined with a direct application of the Theorem
3.3 in [5]. 
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4.2. Instability for the φ4 Equation. Let L0 ą 0 be fixed. In this subsection, we
use an explicit form of the wave h to prove the orbital instability result for the case
k “ 1. In fact, using the ansatz
hpxq “ asn
ˆ
4Kpκqx
L0
, κ
˙
(4.7)
into the equation p2.1q, one has that h is an explicit periodic solution with
a “
?
2κ?
κ2 ` 1 . (4.8)
The value of ω can be explicitly determined as
ω “ L
2
0
16Kpκq2p1` κ2q . (4.9)
Since ω “ 1´ c2, we see that c ą 0 is given by
c “
a
16p1` κ2qKpκq2 ´ L20
4Kpκq?1` κ2 . (4.10)
Let L0 ą 0 be fixed such that 0 ă ω ă L204pi2 . There exists a smooth curve
ω P
ˆ
0,
L20
4pi2
˙
ÞÑ hω
of periodic waves which solves the equation p2.1q. The existence of a smooth curve
with fixed period is crucial in our analysis since the function d in terms of c as
dpcq “ Eph, ch1q ´ cF ph, ch1q is well defined. Next, since d1pcq “ ´F ph, ch1q “
´c şL0
0
ph1pxqq2dx, we see that
d2pcq “ ´
ż L0
0
ph1pxqq2dx` 2c2 d
dω
ż L0
0
ph1pxqq2dx
“ ´
ż L0
0
ph1pxqq2dx` 2p1´ ωq d
dω
ż L0
0
ph1pxqq2dx.
(4.11)
On the other hand, using the explicit expression for p4.7q, we obtain that
d2pcq “ ´
ż L0
0
ph1pxqq2dx` 2p1´ ωq d
dκ
ż L0
0
ph1pxqq2dx
ˆ
dω
dκ
˙´1
“ ´4a2
ż K
0
cn2px, κqdn2px, κqdx
`8p1´ ωq d
dκ
ˆ
a2
ż K
0
cn2px, κqdn2px, κqdx
˙ˆ
dω
dκ
˙´1
.
(4.12)
The values of a and ω given by p4.8q and p4.9q, respectively, can be used to get
combined with formula 361.03 in [2] that
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d2pcq “ ´4a
2
3κ2
`p1` κ2qEpκq ´ p1´ κ2qKpκq˘
`8
3
p1´ ωq d
dκ
ˆ
a2
κ2
`p1` κ2qEpκq ´ p1´ κ2qKpκq˘˙ˆdω
dκ
˙´1
“ ´ 8
3p1` κ2q
`p1` κ2qEpκq ´ p1´ κ2qKpκq˘
`L20
3
´
16Kpκq2p1`κ2q´L20
16Kpκq2p1`κ2q
¯
d
dk
´
1
p1`κ2q pp1` κ2qEpκq ´ p1´ κ2qKpκqq
¯´
d
dκ
´
1
Kpκq2p1`κ2q
¯¯´1
.
Since ppkq :“ p1`κ2qEpκq´ p1´κ2qKpκq ą 0 for all κ P p0, 1q and 1´ω ą 0, we
only need to study the behavior of the last two terms containing derivatives with
respect to κ. In fact, let us denote
qpkq :“ d
dk
ˆ
1
p1` κ2q
`p1` κ2qEpκq ´ p1´ κ2qKpκq˘˙ˆ d
dκ
ˆ
1
Kpκq2p1` κ2q
˙˙´1
.
We have after some computations
qpkq “ κ
2pκ2 ´ 1q pp1` κ2qEpκq ` 2p1´ κ2qKpκqqKpκq3
2ppκq .
Clearly, q is a negative function in terms of k P p0, 1q, and thus d2pcq ă 0.
Analysis above gives the following orbital instability result.
Theorem 4.3. Let L0 ą 0 be fixed. For ω P
´
0,
L20
4pi2
¯
, consider the odd periodic
solution h given by p4.7q. The periodic wave ph, ch1q is orbitally unstable in X in
the sense of Definition 4.1.
Proof. By Propositions 3.5 and 3.8, we guarantee the existence of only one negative
for LKG and it results to be simple. In addition, zero is a simple eigenvalue corre-
sponding to the eigenfunction ph1, ch2q. The result now follows by Theorem 4.7 in
[5]. 
4.3. Instability for the φ6 Equation. This subsection is devoted in presenting
the orbital instability associated to the equation p1.1q for the case k “ 2.
First, let us assume p2.1q with a general k ě 1 integer. Let ω0 ą 0 and B0 P
p0, Bω0q be fixed and consider hω0 , the corresponding solution for the equation p2.1q
with fixed period L0 ą 0. Suppose the existence of a smooth curve ω P I ÞÑ hω P
Brphω0q of periodic waves with fixed period solving p2.1q. Here, I Ă p0,`8q is an
open neighborhood around ω0 “ 1 ´ c20 ą 0 and Brphω0q Ă H2perpr0, L0sq is an open
neighborhood around hω0 . Our intention is to obtain a more convenient expression
for d2pcq in p4.11q to simplify the management of complicated expressions involving
elliptic functions which appears in the case k “ 2. Comparing with the results
obtained in the previous subsection for the case k “ 1, we have a considerable
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simplification of the calculations since we use few information about the solution h
in comparison with the expression in p4.11q and p4.12q.
In fact, let us define c P p´1, 1q such that c2 “ 1 ´ ω, where ω P I has been
determined in the last paragraph. Let d be the function defined as dpcq “ Eph, ch1q´
cF ph, ch1q, where we again consider h “ hω to simplify the notation. Since d1pcq “
´F ph, ch1q “ ´c şL0
0
ph1pxqq2dx, we see similarly to p4.11q that
d2pcq “ ´
ż L0
0
ph1pxqq2dx` 2p1´ ωq d
dω
ż L0
0
ph1pxqq2dx. (4.13)
We give a convenient expression for D “ d
dω
şL0
0
ph1pxqq2dx. The reason for that
is to avoid heavy calculations as determined for the case k “ 1, where we used the
explicit form in p4.7q to calculate D is terms of the complete elliptic integrals of the
first and second kinds. In fact, deriving equation p2.1q with respect to ω P I and
multiplying the resulting equation by h, we obtain after integration over r0, L0s that
´ ω
ż L0
0
η2hdx`
ż L0
0
h12dx´
ż L0
0
ηhdx` p2k ` 1q
ż L0
0
h2k`1ηdx “ 0, (4.14)
where η “ dh
dω
and we omit the variable x in p4.14q to simplify the notation. An
integration by parts applied to the first integral in p4.14q establishes using the ODE
p2.1q that ż L0
0
h12dx` k
k ` 1
d
dω
ż L0
0
h2k`2dx “ 0. (4.15)
The same equation p4.14q also gives
ω
2
d
dω
ż L0
0
h12dx`
ż L0
0
h12dx´ 1
2
d
dω
ż L0
0
h2dx` 2k ` 1
2k ` 2
d
dω
ż L0
0
h2k`2dx “ 0. (4.16)
On the other hand, multiplying equation p2.1q by h1, we obtain after integration
over r0, L0s
´ ω
2
ż L0
0
h12dx´ 1
2
ż L0
0
h2dx` 1
2k ` 2
ż L0
0
h2k`2dx` AL “ 0, (4.17)
where A is constant of integration depending smoothly on ω. Now, deriving equation
p4.17q with respect to ω P I and combining the final result with p4.16q, we obtain
from p4.15q that
ω
d
dω
ż L0
0
h12dx´ 1
2
ż L0
0
h12dx´ L0dA
dω
“ 0 (4.18)
By p4.14q and p4.18q, we deduce a simple expression for d2pcq as
d2pcq “ ´ 1
ω
ż L0
0
h12dx` 2p1´ ωqL0
ω
dA
dω
. (4.19)
It is possible to obtain a convenient expression for dA
dω
. Indeed, multiplying equa-
tion p2.1q by h1, integrating over r0, xq, using the fact that h is odd, and deriving
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the final result with respect to ω, we have
dA
dω
“ ωh1p0qη1p0q ` h
1p0q2
2
. (4.20)
Gathering p4.19q and p4.20q, we get the more convenient equality
d2pcq “ ´ 1
ω
ż L0
0
h12dx` 2L0p1´ ωqh1p0qη1p0q ` 1´ ω
ω
h12p0qL0. (4.21)
Let L0 ą 0 be fixed. The explicit solution for the equation p2.1q with k “ 2 is
given by
hpxq “
asn
´
4Kpκqx
L0
, κ
¯
c
1´ bsn2
´
4Kpκqx
L0
, κ
¯ , (4.22)
where a, b and ω are complicated functions in terms of κ given by
a “ 4?1458
4
c´`´1´ κ6 ` 3
2
κ4 ` 3
2
κ2
˘a
spκq ` pspκqq2
¯
pspkqq3
spkq , (4.23)
b “ 1
3
κ2 ` 1
3
´ 1
3
?
κ4 ´ κ2 ` 1, (4.24)
and
ω “ L
2
0
16Kpκq2?κ4 ´ κ2 ` 1 , (4.25)
where the notation spκq “ κ4´κ2`1 in p4.23q was employed to simplify the notation.
Let L0 ą 0 be fixed. Equality in p4.25q enables us to deduce that ω ą 0 must be
considered over the interval
`
0, L0
4pi2
˘
.
By Propositions 3.5 and 3.8, we see that LKG has only one negative eigenvalue
which is simple, zero is a simple eigenvalue associated to the eigenfunction ph1, ch2q
and the remainder of the spectrum consists in a discrete set which is bounded away
from zero. It remains to calculate d2pcq using the simplified formula in p4.21q. In
fact, we see from the chain rule that
d2pcq “ ´ 1
ω
ż L0
0
h12dx` 2L0p1´ ωqh1p0qdη
1p0q
dκ
ˆ
dω
dκ
˙´1
` 1´ ω
ω
h12p0qL0. (4.26)
Consider βpκq :“ 2L0p1´ ωqh1p0qdη1p0qdκ
`
dω
dκ
˘´1` 1´ω
ω
h12p0qL0. We are going to prove
that βpκq ă 0 for all κ P p0, 1q. In fact, an exhaustive calculation gives us that
βpκq “ 72 pκ` 1qκ
2
L30
´
´16 K pκq2?κ4 ´ κ2 ` 1` L0
¯
τpκq, (4.27)
where τpκq is complicated smooth function depending only on κ P p0, 1q. The Figure
4.1 shows that τpκq ą 0 for all κ P p0, 1q.
On the other hand, for a fixed L0 ą 0 such that ω
`
0, L0
4pi2
˘
, one has
´16 K pκq2?κ4 ´ κ2 ` 1` L0 ă 0, @ κ P p0, 1q.
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Figure 4.1. Graphic of τ .
Therefore d2pcq ă 0 and we are in position to enunciate the following result.
Theorem 4.4. Let L0 ą 0 be fixed. For ω P
´
0,
L20
4pi2
¯
, consider the odd periodic
solution h given by p4.22q. The periodic wave ph, ch1q is orbitally unstable in X in
the sense of Definition 4.1.
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